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In [5] Herstein conjectured that the finite odd-order subgroups of the 
multiplicative group of a division ring are cyclic. He proved the conjecture 
for division rings of nonzero characteristic and for the quaternions over the 
real numbers. Herstein’s conjecture was proved false in general by Amitsur, 
who determined all possible finite subgroups of division rings in [2]. In 
particular, Amitsur showed that the minimal possible noncyclic odd-order 
group was one of order 63. Using Amitsur’s results we verify Herstein’s 
conjecture for subgroups of finite-dimensional division algebras central over 
the field of rational numbers Q. 
Let K be a field. By a K-division ring we mean a finite-dimensional central 
division algebra over K. If a finite group G is contained in the multiplicative 
group D* of a K-division ring, we will say that G is K-adequate. In Section 2, 
we obtain a complete list of Q-adequate groups, where Q denotes the field of 
rational numbers. The noncyclic groups (necessarily of even order) which are 
Q-adequate are: 
(1) the quaternions of order 8, 
(2) the binary tetrahedral group of order 24, and 
(3) A class of meta-cyclic groups of order 4p”, p a prime, p = 3 (mod 4). 
A group G is meta-cyclic if it contains a normal cyclic subgroup H so that G/H 
is cyclic. 
Suppose D is a division ring of characteristic zero and G a finite subgroup 
of the multiplicative group of D. Then Q is contained in the center of D. 
We set u(G) = {.&& 101~ EQ, Ai E G}. v(G) is a finite-dimensional division 
algebra over Q. Amitsur in [2] determines the structure of v(G); in particular, 
it is proved that u(G) depends on G only up to isomorphism, and not on D. 
Clearly any division ring D of characteristic zero containing G must contain 
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v(G); thus U(G) is a minimal algebra in which G may be embedded. In light 
of this, our first problem can be restated as follows: For which G in Amitsur’s 
list can u(G) be embedded in a Q-division ring? Similarly, G will be 
k-adequate o U(G) can be embedded in a k-division ring. In Section 3 we 
investigate this second problem when k is a quadratic number field. 
If D is a K-division ring, K an algebraic number field, and k another 
number field, we say that D is k-adequate if D can be embedded in a k-division 
ring. What we noted above amounts to the statement: G is k-adequate o U(G) 
is k-adequate. In Section 1 we consider embedding problems of division rings 
in order to determine when u(G) may be k-adequate. The results are complete 
when k = Q; this is discussed in Section 2. The results in Section 3 on 
quadratic number fields are partial. A short summary of these results appears 
below; in this discussion k denotes only a quadratic number field. 
(1) There exist infinitely many noncyclic groups of odd order which are 
Q(d-)-adequate; these include the minimal group of order 63. 
(2) A noncyclic odd group is k-adequate only if k = Q(2/-3). 
(3) There exist infinitely many noncyclic odd order groups which are 
subgroups of division rings but not k-adequate for any k. 
In the sequel p, Q will always denote rational primes. If a, 6 E 2, the ring of 
integers, and (a, b) = 1, we set [a, 61 = the order of a modulo b. Throughout 
this paper, E, will always denote a primitive m-th root of unity over Q. 
We write C, for the cylcotomic field Q(E~). If r is an integer, (Y, m) = 1, 
we denote by ur the automorphism of C, defined by u,(E,) = cm?. Throughout 
this paper, K will denote an algebraic number field. We will use freely the 
classification theory of K-division algebras by means of Hasse invariants. 
The reader is referred to [l] and [4] for the relevant theory. For purposes of 
convenience, we list below several results from this theory that are used 
frequently throughout this paper. 
If p is a prime of K and D a K-division ring, we will denote by invp D the 
Hasse invariant of D at p. invp D E Q/Z and the denominator of invp D, when 
expressed as a fraction in lowest terms, is called the local index of D at p 
and abbreviated Li., D. The dimension of D over K will be denoted by 
[D : K]; we use the same notation for dimension of field extensions. 
Kp denotes the completion of K at p. IfL is a Galois extension of K, we denote 
the Galois group of L over K by Gal&/K). 
(0.1) If L is a$eld extension of K, [L : K] = [D : K]l/2, then L is isomorphic 
to a maximal subjeld of D if and only if [L9 : K,] is divisible by l.i., D for all 
primes p of K and all extensions B of p to L. 
Proof. This follows from [I, Theorem 27, p. 611 and [4, Satz 2, p. 1181. 
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(0.2) Let L be afield extension of K and let p be a prime of K, B a prime of L 
dividing p. Then inv@ D &L = [Lg : K,] invp D (mod 1). (D &L is an 
L-central simple algebra). 
Proof. See [4, Sat2 4, p. 1131. 
(0.3) Let A be a simple algebra which isjnite-dimensional over its center K. 
Then A is a division algebra if and only if its exponent equals [A : K]lj2. 
Proof. We have A E (D)r. The exponent of A equals the index [D : K]lj2 
of D [l, Theorem 32, p. 1491. A is a division ring if and only if r = 1 and the 
result follows. 
(0.4) Let D, , D, be K-division rings. Then D, @ D, is a K-division ring if 
and only if([Dl : K], [D, : K]) = 1. 
Proof. By (0.3), D, OK D, is a division algebra if and only if its exponent 
equals [Dl : K]lj2[D2 : K]1/2. The result now follows by computing the 
exponent of D, OK D, . 
1. EMBEDDING PROBLEMS 
With notation as before, suppose that D is k-adequate where k C K, 
D a K-division ring. Then D C D, where D, is a k-division ring. Evidently 
D C Cent,JK), the centralizer of K in D, . We will say D is maximally 
embedded in D, if D = CentDo( We need first an analysis of this centralizer. 
The lemma below is well-known; we include a proof for lack of a convenient 
reference. 
LEMMA 1. Suppose A is a k-division ring, and K 3 k a subfield of A. Then 
Cent,(K) is similar to the central simple K-algebra A Ok K. 
Proof. We consider A as a left A ml, K module via the action: 
(a @ b)x = axb. Clearly, A is a faithful irreducible A Ok K module. It 
follows that the constituent division ring of A gl, K is the commuting ring 
of A. Accordingly, let f be a nonzero A Or K endomorphism of A. Then f 
may be identified with right multiplication by f (1) E A because 
a =f(l)-f(d) =f(d.l) =f((d@l)l) =(d@l)f(l) =doc 
for any dE A. 
Since f is also a K-module map, we obtain for any b E K : 
Pa =f(P) =f((l 08 - 1) = (1 ORf(l) = 43. 
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Thus 01 E Cent,(K). It follows that the commuting ring of A is isomorphic 
to Cent,(K), and so Cent,(K) is similar to A Ok K. 
We can now prove a “nonembedding” theorem, giving a class of division 
rings which are not k-adequate for some number fields k. 
THEOREM 1. Let k C K be algebraic number Jields, k # K. Let D be a 
K-division ring, D # K, such that there is a prime ‘$3 of k satisfying: for allfinite 
primes p of K, p r $3, we have invp D = 0. Then D is not k-adequate if either (1) 
or (2) below hold: 
(1) ([K : 4 [D : KI) # 1; 
(2) [D : K] > 4. 
Proof. Let q be a prime such that q” / [K : k], qa+l 7 [K : k], qb / [D : K]1/2, 
qbfl ‘I [D : K]‘i2 where b > 0 and either a > 0 [condition (l)] or qb > 3 
[condition (2)]. Suppose D C D, , D, a k-division ring. We have KC D, . Let 
D, = CentDl(K). Then D C D, . Let D, = CentDa(D). By the double 
centralizer theorem, D, is a K-division ring and D, g D OK D, 
[l, Theorem 13, p. 531. Since qa+b divides the index of D, and qa+b > 3, 
we must have two distinct finite primes ‘$$ and !J& of k so that invY1 D, = r/m, 
inv@, D, = s/m where qcs+b /m,q7r,qfs[4,Satz9,p. 119].Since!& # ‘-pZ, 
me may assume ‘Ipl # !JX Let p1 ,..., pt be the primes of K dividing ‘$ and 
ni = [Kp, : k$. If qa+b / n, for i = l,..., t, then qa+b 1 [K : k] = xi=, ni . 
This is impossible since b > 0, so q a+b does not divide some ni , say n, . Thus 
invpl(D, Ok K) = nI . r/m f 0 by (0.2). By Lemma 1 we conclude that 
invpl(D,) # 0 and p1 +’ ‘$. In fact invpI(D,) = d/n, where q r d, q / n. Since 
D, = D OK D, , invPl(D,) = invP1(D) + invpI(D,) (mod l), and invpl(D) = 0, 
we see that D, has an index divisible by q. In that case, the algebra D OK D, 
is not a division ring by (0.4). Th’ 1s contradiction establishes the theorem. 
In Section 2 we will need Theorem 1 only in the case k = Q, although the 
full generality will be used in Section 3. 
The following example shows the necessity of the conditions (1) or (2) in 
Theorem 1. Let k = Q and let [K : Q] = 3, where K has the following 
properties: 2 splits completely in K and there exist three odd rational primes 
p, , p, , and p, that remain prime in K. The existence of such a field K is 
guaranteed by the Griinwald-Wang Theorem [3, Theorem 5, p. 1051. Let p1 , 
pz , p3 be the primes of K dividing 2 and let D be the K-division ring having, 
as invariants, invp, D = 4, i = 1, 2, 3, invp D = fr at all real infinite primes 
of K, and invp D = 0 at all other primes of K. Such a D exists by 
[4, Satz 9, p. 1191. Since D has exponent 2, [D : K] = 4 by [4, Satz 7, p. 1191. 
Let D’ be the Q-division ring having the following invariants: 
inv, D’ = l/2, inv, D’ = l/2, invDi D’ = l/3, i = 1, 2, 3, 
48111713-8 
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inv, D = 0 for all other primes p of Q. D’ exists by [4, Satz 9, p. 1191. Since 
the exponent of D’ is 6, [D’ : Q] = 36 by [4, Satz 7, p. 1191. Let L be a qua- 
dratic extension of K such that the local degree from K to L is 2 at all real 
primes of K and at all primes of K dividing 2. The existence of L is guaranteed 
by the Griinwald-Wang Theorem. By (0.1) L C D’ and so KC D’. By 
Lemma 1 and (0.2), D E Cent,,(K) so D is maximally embedded in D’ and 
hence Q-adequate. 
Suppose K is an algebraic number field and D a K-division ring which is 
Q-adequate. Then every subfield of D is Q-adequate in the sense of [6]. It is 
tempting to ask whether the converse is true: If every subfield of D is 
Q-adequate, is D Q-adequate ? We have not been able to determine if this is so. 
We now use Theorem 1 to decide the Q-adequacy of a class of algebras 
which arise in [2]. 
Let r, m, t, s, n be positive integers satisfying 
(Y, m) = 1, n = [Y, m] (the order of r mod m), 
(4 
s=(r-l,m), t=f. 
We denote by v,(K) the value of the integer K under the additive 2-adic 
valuation. The problem in [2] is to analyze algebras based on the quintuples 
(Y, m, t, s, n) which satisfy one of the following conditions (with notation as 
in [2]): 
(n, t) = (s, t) = 1 (3C) 
v2(n) = v2(s) = 1, vz(m) 3 2, (n, t) = (s, t) = 2 and 
r E - 1 (mod 2’8’“’ 1. (3D) 
Denote by (C, , u,. , E,) = 91z,,, the cyclic algebra determined by the field 
C, = Q(c,J, the automorphism uT : enL -+ cn2r, and the element Ed . a,,, has 
dimension na over its center 3. If Y = 1, then 21LI,,, = C, . Clearly, we may 
assume 1 < Y < m. 
LEMMA 2. Let (r, m, t, s, n) sutisfr (A), n > 1, and either (3C) or (3D). 
If Kn,, is a division ring with center Q, then 
(1) m = 4, r=3, or 
(2) m = 6, r = 5. 
In both cases we have n = s = 2. 
Proof. By assumption the center 3 of Iu,,, is Q. Since Ed E 3 = Q, we 
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have s = 1 or s = 2. If s = 1 then VI,,, is a total matrix algebra by 
[I, Theorem 10, p. 741, so s = 2. But n 1 s by [2, Lemma 51 and n > 1 by 
assumption, so n = s = 2. In particular, if m is odd then 2&, cannot have 
center Q (since s 1 m). Since n = 2 and n2 = [9l,,, : 31, we see that 
[C, : Q] = 2 and 91c,,, is a quaternion over Q. But m even and [C,, : Q] = 2 
forces m = 4 or m = 6. From n = 2 = [Y, m] we obtain 
and 
This proves the lemma. 
Suppose now that 211,,, is Q-adequate. Then C, C a,,,, , so Q(E~) is 
Q-adequate in the sense of [6]. It follows from [6, Theorem 4.21 that 8 7 m and 
m = 2ap1bpzC; a = 0, 1 or 2, pi and pa are odd primes, 
and (B) 
a=2+bc=O. 
LEMMA 3. Let (r, m, t, s, n) satisfy (A) and n > 1. Assume that (3C) holds 
and m is odd. Then ac,*, is not a Q-adequate division ring. 
Proof. We may assume 91z,,, is a division ring. Then (B) above holds, 
and a = 0. By Lemma 5 of [2], n / s whenever ‘$I,,, is a division ring. But 
then s = 1 G- n = 1, a contradiction. Thus we may assume s = plb and 
n = plb, 1 < d < b. Let p be a rational prime and Q, the field of p-adic 
numbers. Since eg is a unit in 3Q,, the only primes of 3 for which 
inv, QL,, # 0 are those which ramify from 3 to C, [l, Theorem 14, p. 75 and 
Theorem 19, p. 1411. But p, is unramified in Q(B~~~) and 3 3 Q(EJ = Q(c,:), 
so primes over p, are unramified from 3 to C, = Q(EJ. The only rational 
primes which ramify in C, arep, andp, ; thus p finite, invp a,,, # 0 * p 1 pa. 
But 1 < n = pXd 3 [VI,,, : 31 > 4; since m is odd we know 3 f Q from 
Lemma 2. Applying Theorem 1 we see that ‘&,, is not Q-adequate. 
LEMMA 4. Let (r, m, t, s, n) satisfy (A) and either (3C) or (3D). Assume that 
?I,+, is a Q-adequate division ring, n > 1. If in (B) we have a = 1, b > 0, and 
c=O,thenn=s=2,p,=3(mod4),andr~-l(modm). 
Proof. By assumption m = 2pib. Thus (3D) cannot hold, so (3C) G- s = 2 
or s = pp. Ifs = plb, then t = 2, which is impossible (see p. 362 of [2]). Thus 
s = 2 and so again n 1 s, n > 1 3 n = 2. As in Lemma 3, we have 
inv, 2I,,, = 0 for all finite primes p of 3 not lying over p, . We have 
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C, 3 3 1 Q and [C, : 31 = n = 2; to invoke Theorem 1 we need to show 
that 2 1 [Jj : Q]. If p, = 1 (mod 4) th is is the case, since then [C, : Q] = 
~~,--I)~,b-~~41~~~:Q1=~~m:31~3:Q1=~~3:Q1~~1~3:Q1. 
Thus Theorem 1 shows 21m,, is not Q-adequate whenp, = 1 (mod 4); we may 
suppose p, = 3 (mod 4). 
The prime p, is completely ramified in C, , so there is only one prime p 
of 3 lying over 9, . Thus if 3 is complex, then p would be the only prime at 
which % 1)2,r could have nonzero invariant (5X,,, is split at all unramified primes 
by the argument of Lemma 3). This would force ‘u,,, to be split by 
[4, Satz 9, p. 1191; it follows that 3 is totally real. Then invp aI,,, = 8, 
[C, : 31 = 2, and 3 is the real subfield of C, . This forces Y = - 1 (mod m), 
since 3 is the invariant field of uT : E, -+ l mr. 
LEMMA 5. Suppose (Y, m, t, s, n) satisjies (A) where n = s = 2 and 
Y = - 1 (mod m). If m = 2plb where p, is an odd prime, p, = 3 (mod 4), and 
(3C) holds, then 2X,,, is a Q-adequate division ring. 
Proof. 9[,,, is a division ring by Theorem 4 of [2]. The Galois group of 
C&/Q is cyclic since m = 2plb, so 3/Q is cyclic. By [3, Theorem 3, p. 131 
there are infinitely many primes of Q which remain prime in 3. Let v = [3 : Q] 
and q1 ,..., q2, be primes of Q inertial in 3. Then [3,i : Q,J = v for 
i = 1, 2,..., v. Let D be the Q-division ring having invariants: inv, D = 4, 
invsl D = 4, inv,+ D = I/v for i = 1, 2 ,..., v, inv, D = 0 for all other 
primes p of Q. Since p, = 3 (mod 4), v is odd so D has exponent 2v. Thus 
[D : Q] = 4vz. C, C D by (0.1) because all infinite primes of C, are complex 
and p, is totally ramified in C, . Then Lemma 1 and (0.2) show that 
%,, s Cenb(3) so aI,,, is Q-adequate. This completes the proof. 
LEMMA 6. Let (Y, m, t, s, n) satisfy (A), n > 1, and either (3C) OY (3D). 
Suppose a,,, is a Q-adequate division ring. Then in (B) we cannot have a = 1, 
bc # 0. 
Proof. Assume a,,, is a Q-adequate division ring and in (B) m = 2pibpac, 
b#O,c#O.Then(3C)holds.Supposes#2.Ifs=l,thenn~s~n=1, 
a contradiction. Ifs = m, then by (A) Y = 1 mod m => n = 1, which is again 
impossible. This leaves two possibilities for s f 2: 
(4 s=Plb; 
(b) s = 2prb. 
If (a) holds, then as before invp au,,, = 0 for all primes p of 3 except 
perhaps p 1 p, , p / co. But 2 r s 3 n # 2, so (2) of Theorem 1 applies and 
ru 11l.r is not Q-adequate. Assume (b) holds. Then [C, : 31 = 2, SO 
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4 / [C, : Q] j 2 / [3 : Q]. As before, inv, a,,, = 0 except for p / pz , CO. 
But then (1) of Theorem 1 holds so ‘LI,,, is not Q-adequate. 
Finally, we may suppose s = 2, so n = 2. By [2, Lemma 6 and Theorem 41 
there is at most one prime p j m so that 2 !’ [Y, $-part of m]. Thus either 
2 +- [Y, 2p,c] or 2 7 [Y, 2prb] but not both. But then Lemma 9 of [2] shows that 
all ramified primes from 3 to C, must lie over p. Then exactly as before 
we have inv, XI,,, = 0 for p rp, co, and 2 1 [3 : Q]. Theorem 1 then shows 
‘II m.r is not Q-adequate. This completes the proof of the lemma. 
There is one last possibility in (B) for which we have not discussed the 
Q-adequacy of %,*, . This is the subject of the next lemma. 
LEMMA 7. Let (Y, m, t, s, n) satisfy (A), n > 1, and (3C) OY (3D). If ‘u,,, 
is a Q-adequate division ring, we cannot have a = 2, c = 0, b # 0 in (B). 
Pyoof. Assume a,,, is Q-adequate and m = 4plb, b > 0. We first rule 
out the possibility s = 4. Ifs = 4, then n = 2 or 4 and 2 1 [Q(EJ : Q]. Since 
3 1 Q(EJ, 2 / [3 : Q] and so ([2I,,, : 31, [3 : Q]) # 1. As before, s = 4 
implies that all nonzero invariants of a,,, at finite primes occur only at ones 
dividing p, . Theorem 1 then shows that 211,*, is not Q-adequate. 
If s = 2, then n = 2. This possibility is eliminated as in the proof of 
Lemma 6. If p, I s, then we must have plb I s since by (3C) or (3D), p, does 
not divide (s, m/s). Thus, if p, 1 s we must have either s = pib or s = 2pib. 
Ifs = pib, then the only nonzero invariants of 5&, occur at primes dividing 2 
or co. But n / s SO [2I,n,, : 33 > 4. By Theorem 1 we conclude that ‘u,,,. is not 
Q-adequate. 
Finally, suppose s = 2pib. As before, the only nonzero invariants of a,,, 
occur at primes lying over 2 or 03. If n = 2, then [C, : 31 = 2 3 2 ( [3 : Q] 
since 4 / y(m) = [C, : Q]. Then ([a,,, : 33, [3 : Q]) # 1 so ‘?I,,, is not 
Q-adequate by (1) of Theorem 1. If p, 1 n, then [N,,, : 31 > 4 and (2) of 
Theorem 1 applies. In any case VIZ,,, is not Q-adequate. 
At long last we can gather all this together in 
THEOREM 2. Let (Y, m, t, s, n) satisfy (A) and n > 1. Assume (3C) or (3D) 
holds. Then ‘u m,r is a Q-adequate division ring o n = s = 2, Y = - 1 (mod m), 
and m = 4 OY m = 2pb where p is a prime, p = 3 (mod 4). 
Proof. Suppose first ‘u,,, is a Q-adequate division ring. From (B) we have 
m = 2ap,bp,c. If m = 4, then s = 1, 2, or 4. As before, s = 1 => au,,, is split; 
s = 4 * Y = 1 3 n = 1. Thus s = 2 and so n = 2. But then [C, : Q] = 2, 
r%,r : 31 = 2 and 3 # C, . We conclude 3 = Q, and so the conclusions of 
Theorem 2 follow from Lemma 2. If m = 6, as before s # 1, s # 6. Ifs = 3, 
then n = 3 3 [C, : 31 = 3 3 3 I [C, : Q]. But [C, : Q] = 2, so this is 
481/17/3-g* 
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impossible. Thus as before n = s = 2 and [C, : Q] = [C, : 31 = 2 + 3 = Q. 
The conclusions of Theorem 2 then hold for m = 6 by Lemma 2. 
Hence by Lemma 2 we may assume 3 # Q. By Lemma 3 we must have 
2 j m, so a = 1 or 2. If a = 2, then either b = 0 or c = 0 by (B). Thus 
m = 4plb say, and 2XI,,, could not be a Q-adequate division ring by Lemma 7. 
Hence a = 1. Then either b = 0 or c = 0 by Lemma 6. Thus we can assume 
m = 2pib. The conclusions of Theorem 2 then follow from Lemma 4. 
Assume, conversely, that the conclusions of Theorem 2 hold. The fact 
that rU m,T is a division ring follows from (1) of Theorem 4 in [2]. When m = 4 
or 6 we have proved that 3 = Q, so ‘II,,,, is Q-adequate by Lemma 5. This 
concludes the proof of Theorem 2. 
Note that for those 2lI,,, which satisfy Theorem 2, we have m = 4 or (3C) 
holds. 
2. FINITE SUBGROUPS OF Q-DIVISION RINGS 
We need to review Amitsur’s classifications of finite subgroups of division 
rings. Suppose (Y, m, t, s, n) is a quintuple satisfying (A) and either (3C) 
or (3D). Following Amitsur we denote by G,,, a group generated by two 
elements A and B satisfying 
Am = 1, B” = At, BAB-1 = A’ 
The order of G,,T is j G,,, 1 = mn. It is proved in [2, Theorem 31 that 
G,,, can be embedded in a division ring o ‘9X,,, is a division ring, and in that 
case u(G,,J = ‘G,, . By Theorem 2 we can distinguish which of the 21m,, 
are Q-adequate; this will tell us which of the G,,, are Q-adequate. We give a 
brief exposition of which finite groups are embeddible in division rings 
(the reader should consult [2] for details). By Theorem 7 of [2] a finite group G 
can be embedded in a division ring o G is one of the following types: 
(2.1) A cyclic group, 
(2.2) Certain of the G,,, groups (see Theorems 4 and 5 of [2]), 
(2.3) A “T-group” 2* x G,,, , a direct product of a G,,, group with 
the binary tetrahedral group 2* of order 24. 2* is generated by three 
elements P, R, S satisfying 
(Tl) P4 = 1, P2 = R2, PRP-1 = R-l; 
(T2) SPC1 = R, SRS-l = PR; 
(T3) S3 = 1. 
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In this case we must have [2, p] odd for all primes p, p / m. The group %* 
contains the quaternions of order 8 as a Sylow subgroup; it is proved in [2] 
that 2* can be embedded in the ordinary quaternion algebra 211, over Q. 
Hence it is Q-adequate. 
(2.4) The groups a*, J*. a* is the “binary octahedral” group of 
order 48, It is generated by elements T, W. R satisfying 
Ta= 1, T4 = W2, WTW-’ = T-1 
R3 = 1 
{T2, W, R} g 2” 
This is not a complete list of relations. The reader should consult [S] for a 
discussion of this group; suffice to say it will not be Q-adequate. The group 3* 
is the “binary icosahedral” group of order 120. J* g M(2, 5), the homo- 
geneous modular group modulo 5. 
We will analyze these possibilities one at a time. In all that follows p and q 
will be, as usual, odd primes. 
LEMMA 8. A cyclic group of order m is Q-adequate o m is one of the 
following three types: 
(a) m ==paoYm = 2p”; 
(b) m = paqb OY m = 2paqb, where: If p, ,..., p, are the odd primes which 
divide both p - 1 and q - 1, then 
(i) [p, qb] is divisible by the highest power of 2, p, p, (i = l,..., Y) 
dividing q - 1 and by qb-l ;f q ) p - 1. 
(ii) [q,p”] is divisible by the highest power of 2, q, pi (i = l,..., Y) 
dividing p - 1 and by pa-l ifp / q - 1. 
(c) m = 4pa, where 2 1 12, pa] andp = 3 (mod 4). 
Proof. Observe that a cyclic group of order m can be contained in a 
Q-division ring o C, = Q(E,J is Q-adequate in the sense of [6]. Thus 
Lemma 8 follows from Theorem 4.2 of [6]. We remark that (i) of 
[6, Theorem 4.21 is mistated due to a typographical error; the correct result 
is obtained by replacing 2 for p. Condition (i) of Lemma 8 is actually what is 
proved in [6]. 
LEMMA 9. The groups of class (2.3) of form 2* x G,,, are Q-adequate if 
andonlyifm = 1. 
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Proof. Let G = 2* x G,,? , By Theorem 6a of [2] we must have Iu,, r 
is Q-adequate where rl = Y (mod m), ri = - 1 (mod 4). In particular, ri # 1 t 
so Theorem 2 applies and 4m = 4, or 4m = 2pa, p odd. The only possible 
solution is m = 1. Note that m = 1 =Y 2* x G,,,= 5*, which is Q-adequate. 
LEMMA 10. The groups X?* and J* are not Q-adequate. 
Proof. By Lemma 13 of [2] ~(a*) contains C’s , which is not Q-adequate 
by [6, Theorem 4.21. By Lemma 14 of [2], u(3*) g ‘%s & Q(d-5), where 
2I, is the usual quaternion algebra over Q. Thus u(3*) contains the field 
L = Q(d--1, d--5) since d-1 E ‘8,. It is enough to show that L is not 
Q-adequate. The Galois group of L/Q is 2, 0 2,. By Proposition 2.6 of [6], 
L is Q-adequate o [L, : Q,] = 4 for two different rational primes p, where L, 
is then the unique completion of L lying over QD . Since p is unramified 
in L for p # 2, p # 5, we must have [L, : Qs] = [L5 : Q5] = 4. But 
Qb’-) = Qri > so [L5 : Qs] = 2 and L is not Q-adequate. 
We now have all the information needed to list the Q-adequate groups. 
THEOREM 3. A $nite group G is Q-adequate o G is one of the following 
types :
(1) G is cyclic of order m, where m is determined as in Lemma 8; 
(2) G s G,,? where the quintuple (r, m, t, s, n) satisfies (A), (3C), r f 1, 
m = 2~” for p an odd prime which is congruent o 3 (mod 4), n = s = 2, and 
Y = -1 (modm). 
(3) G is quaternion of order 8 or the binary tetrahedral group of order 24. 
In particular, all odd-order Q-adequate groups are cyclic and all Q-adequate 
groups are solvable. 
Proof. We consult the classes (2.1)-(2.4) of Amitsur’s list. The cyclic 
groups (2.1) are determined by Lemma 8. By Theorem 2, the Gm,r groups 
of class (2.2), r # 1, must be of the form: m = 2pa, n = s = 2, 
Y = - 1 (mod m) since u(G,,,) g 2X,,,,, . Further, any such G,,, group is 
Q-adequate by Theorem 2. By Lemma 9 the groups of class (2.2) allow only 
the group 5*, and this group is realized in ‘%s . The quaternion group of 
order 8 is a subgroup of 2*, so it too appears in au, . By Lemma 10 the groups 
of class (2.4) are not Q-adequate. This completes the proof. 
We should remark that two of the G,,, groups of Theorem 3 are exceptional. 
The quaternion group of order 8 is isomorphic to GQ,a for n = s = 2. 
We observed in the proof of Theorem 2 that 21a,, is central over Q. Also by 
the proof of Theorem 2, ‘%a,, n = s = 2, is central over Q. This corresponds 
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to the G,,, group {A, B) such that 
A6 = 1, B2 = B3, BAB-1 = AS, 
a group of order 12. 
These are the only G m,7 groups satisfying: v(G) has center Q. The other 
G nt,T groups of Theorem 3 have u(G) with center larger than Q, although u(G) 
for these is still Q-adequate. 
3. QUADRATIC FIELDS 
In Section 2 we showed that the Q-adequate groups of odd order are cyclic. 
In this section we will investigate the k-adequacy of odd-order groups when k 
is a quadratic extension of Q. 
We will use freely the following result concerning the quadratic subfields 
of cyclotomic fields: 
LEMMA 11. The quadratic sub$elds of Q(E,,J are exactly the fields Q(z/d) 
where d is a square-free integer, d 1 m, d # 1, and, in addition, 
(1) if m or m/2 is odd, then d = 1 (mod 4); 
(2) if4jmbut8fm,thendisodd. 
Proof. See [7, Proposition 41. 
THEOREM 4. There exist in$nitely many noncyclicgroups of odd order which 
are Q(a)-adequate. 
Proof. Let p be a prime, p = 4 or 7 (mod 9). For some integer r, r > 1, 
- G is a 
2; 3731. W 
subgroup of the multiplicative group of a division ring 
e h ave n = s = 3, m = 3p in the context of Section 2. Let 3 
be the center of v(G). By the proof of Lemma 3, the invariants of u(G) are 
zero except possibly at the primes of 3 dividing p. Since p 3 1 (mod 3), 
there are two primes pr and pa of Q(d-) dividing p and each of these is 
completely ramified in Q(csD) since Q(G) = Q(E~). Let 8, and 4az be 
the unique primes of 3 dividing p, with 8, ( pr ,8, ( ps . Since U(G) has 
index 3, we must have invg, u(G) = 2/3 and invp, u(G) = l/3. Let D be the 
Q&‘--3)-division ring having as invariants: invr,, D = -l/p - 1, 
invpe D = l/p - 1, inv, D = 0 for all other primes p of Q(a). Since 
pr and pa ramify completely in Q(E&, the local degrees of pr and pa up to 
Q(E~*) is p - 1. D has exponent p - 1 and so has index p - 1. Thus 
[Q(c3J : Q(v’?)] = p - 1 = [D : Q(v’?#/~ and so Q(E& C D by (0.1). 
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Tensoring over Q( d--3), we have D @ 3 - u(G) since they have the same 
invariants. Thus Cent,(s) = u(G); so u(G) C D. This proves that Gs9,? is 
Q(&3)-adequate and completes the proof of the theorem. 
In [2], Amitsur showed that the noncyclic odd-order group of minimal 
order that occurs in a division ring has order 63. From the construction given 
in the proof of Theorem 4 we note that this group is Q(G)-adequate. 
The question arises as to whether this group can be k-adequate for any other 
quadratic field k. The answer is no; more generally, we shall prove that any 
noncyclic odd order group is k-adequate for at most one quadratic field k. 
The proof will require several lemmas. 
LEMMA 12. Let K be a field and suppose that G is a noncyclic K-adequate 
group of odd order. Then there exists a noncyclic subgroup H of G, 1 H ) = paqb, 
where p and q are distinct primes, such that H is K-adequate. 
Proof. G is a Gm,r group by Theorem 7 of [2] and so, in particular, 
G is solvable. Thus G has Hall (p, q}-subgroups for every pair of primes p, q 
dividing 1 G j. Since G is K-adequate, so are each of these subgroups. If the 
lemma were false, every Hall {p, q}-subgroup would be cyclic. Let P be a 
p-Sylow subgroup of G. Then for any q 1 j G j, there is a q-Sylow subgroup 
of G contained in the centralizer in G of P and so P is central in G. Thus 
every Sylow subgroup is both cyclic and normal and so G is cyclic, a 
contradiction. 
We next consider the ways in which u(G) can be k-adequate. Suppose 
u(G) C D, D a Q(&)-d ivision ring, d a square-free integer. The elements of 
Q(z/d) commute with the elements of v(G) and so the map a @ b -+ ab 
defines an algebra isomorphism of U(G) 03 3(G) into D, where 3 as usual 
denotes the center of u(G). We identify u(G) 03 3(d) as a subalgebra of D. 
Our next result shows that if G is a noncyclic group of odd order which is 
Q(&)-adequate, then l/d E 3. 
LEMMA 13. Let G = G,,, be a Q(&)-adequate group of odd order where 
d is a square-free integer. If Q(&) Q Q(+), then G is cyclic. 
Proof. Suppose Q(&) g Q(E~), but G is not cyclic. By Lemma 12 there 
exists a noncyclic subgroup H of G, 1 H 1 = paqb, where p and q are distinct 
primes, H being Q(&)-adequate. Since H is an odd-order subgroup of the 
multiplicative group of a division ring, Hz Gm,,,* for some m’, Y’. Clearly, 
p and q divide m’. Since Q(z/d) c Q(e,,J, Q(z/d) Q Q(e,,). m’ ( ( H 1 = paqb, 
so [Q(E~,) : Q(e,J] is odd. Thus all quadratic subfields of Q(Em,) are already in 
Q(e8,J and so Q(d) Q Q(E~,). Th us we may assume that G = H and 
m = paqb. Suppose u(G) C D where D is a Q(&)-division ring. Since (3C) 
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is satisfied, we may assume that s = qb and n = qc, where 0 < c < b. 
It follows from the proof of Lemma 3 that inv, u(G) = 0 for all p rp, p 
a prime of 3. Let D’ = Cent,(S(d>)). Then D’ 1 v(G) since u(G) commutes 
both with 3 and Q(z/d). Let w(G) = U(G) 03 3(&). As observed above, 
s(G) can be identified with the subalgebra of D generated by u(G) and 
Q(&). w(G) is a 3(z/d)-division ring. w(G) C D’ since u(G) C D’ and 
3(1/d) C D’. Since D’ also has center 3(l/d), we conclude that 
D’ z g(G) @3(2/;1, A, where A is a 3(&)-division ring [l, Theorem 13, 
p. 531. 
Since u(G) has index n = qc and [3(&) : 31 = 2, w(G) has index qc. 
The nonzero invariants of w(G) are all at primes of 3(4/d) dividing p 
by (0.2). Since w(G) C D, we conclude from Theorem 1 that there are two 
primes pr and ps of Q(&) dividing p. We have [Q(+J : 31 = qc, 3 3 Q(E,J, 
[Q(cz) : Q] = qbel(q - 1). Since Q(E~) CD, we see that the q-part of 
[Q(cm 3 42) : Q(d)1 must divide the index of D. Thus qb+c-l divides the 
exponent of D and so qb++-l divides l.i., D for two primes p ofQ(l/d). Suppose 
qb divides l.i., D for some prime p of Q(&), p fp. Since 3(&) is normal 
over Q(&), the q-part of the local degree of p from Q(z/f) to 3(1/z) is at 
most qb-r. Thus q divides the local index of D’ at all primes of 3(2/d) over p 
by (0.2). Let 9 be one such prime. From D’ s w(G) g3(,,zj A, we obtain 
inv, D’ E invp V(g) + invs A (mod 1). Since P 7 p, invg w(G) = 0 so 
A has local index divisible by q at 9’. Therefore q divides the index of A which 
is impossible by (0.4). We conclude that qbCc-l divides l.i.,< e for i = 1,2, 
and qb does not divide I.i., D for any other prime p of Q(dd). 
We next consider the relationship between the primes of 3(&) dividing 
pi and ps and the primes of 3 dividing p. The primes of 3 dividing p split in 
3(&) since p splits in Q(&). Let 9 be a prime of 3, B 1 p. Let rrl and nz 
be the primes of 3(&) dividing 8. Let pi and p2 be the valuations of 3( l/d) 
determined by nr and xa . Then ~r 13 = q2 I3 . Since p splits in Q(&), 
d = y2, y E Q, . Let yg be the valuation of 3s determined by B and let q~? be 
the p-adic valuation of Q, . Then, for x, y E 3, we have pr(x + y d/d)= 
Y.&X + YE) while &x + y l/d) = y&x - ye) [9, Chap. 21. We see that 
% IQ(&) and% IQ&, are the two distinct valuations of Q( ~‘2) extending vD . 
Thus vi and ~a divide distinct primes of Q(z/d). 
Suppose there are two primes .Yr and B, of 3 with invq, U(G) + invPa U(G) 
(mod l), Yt , P2 dividing p. Since Pr and 8, split in 3(&& by the above 
argument we must have two primes ‘-pi and !j$ of 3(2/d) dividing a common 
prime of Q(d) with ‘pi 1 Pi , i = 1, 2, By (0.2), invqp, D’ = invs,, D’. From 
and 
inv9, D’ = invwl w(G) + invpp, A (mod 1) 
invQ% D’ = invcp, w(G) + invq% A (mod l), 
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we have invqp, A - inv%, A = invvp,YY(G) - invvl Y&‘(G) (mod 1). Since 
invgI u(G) + inv,, v(G) and [s(d\/a) : 31 = 2, we see from (0.2) that 
invpa w(G) - invQI w(G) has d enominator divisible by q. Therefore, q 
divides the local index of A at some prime of s(z/d); and so q divides the 
index of A. This is impossible by (0.4). 
We therefore may assume that all invariants of v(G) at primes dividing p 
are nonzero and equal. As above, this implies that all the nonzero invariants 
of w(G) are equal. We saw previously that qb++l divides l.i., i D for i = 1,2, 
and qb does not divide l.i., D for any other primes p of 8(4/a). Let qw be the 
full q-part of the index of D, so w > b + c - 1. We see that q” divides 
l.i.,* D for i = 1,2. Let invpi D = ai/qw + uJm, where (q, ai) = (q, m) = 1; 
that is, we decompose invp, D into partial fractions based on q and m where 
[D : Q(v”/d)]l/” = qw m. 
of s(t/d), we have 
Then, if ‘6J3r / pr , !& 1 pe , where ‘$r , Cpa are primes 
invvi D’ = invbi w(G) + inv,% A (mod 1) for i = 1,2. 
Since the invariants of w(G) are equal, we get 
invglD’ - invpp, D’ = invrp, A - invvUz A (mod 1). 
As before, if q divided the denominator of the left side we would get a 
contradiction. Thus we may assume that q does not divide the denominator 
of invpll 0: - invvs D’. Let q”’ be the q-part of the local degree of pr and pa 
from Q(dd) up to 3(z/d). Th en v < b - 1. We must have by (0.2) 
qv(a,/qW - a,/qw) = 0 (mod l), i.e., qw-” j a, - ua. From ZP inv, D 3 0 
(mod 1) together with the fact that qb f l.i., D for p # p1 or pa, we conclude 
that al/q” + u,/qw = u,/qh where b - 1 < k. Thus qw-h 1 a, + u2 . Since 
q”-” I a, - a2 9 we have q / 2u, because w - h > 1, w - v 3 1. But then 
(II%, a contradiction. This proves the lemma. 
THEOREM 5. Let k be a quadratic extension of Q and let G be un odd order 
k-adequate group. If either k # Q(G) or 3 7 1 G I, then G is cyclic. 
Proof. Suppose that k # Q(a) and G is a noncyclic k-adequate odd 
order group. Then G s G,,7 for some m and r. By Lemma 12 we may assume 
that m = paqb, where p and q are distinct odd primes, s = qb, and n = qc 
where 0 < c < b. The nonzero invariants of u(G) are at primes of 3 dividing 
p. We first determine some relations between these invariants. 
Leta=~~,sou(G)E(C,, u, E,). Let &, be a fixed algebraic closure of Q9 
and let 5 and 7, be, respectively, primitive qb-th and pa-th roots of unity in &, . 
Set K = Q,([, 7). The completion of 3 at any prime of 3 dividing p is 
isomorphic to the subfield 3, of K such that 5 E 3, and [K : 3,] = qc. 
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This is the case since the primes of 3 dividing p ramify completely in C, . 
There is a canonical isomorphism of Gal(C, / 3) onto Gal(K 1 3,) and we 
denote the image of o under this isomorphism by 5. By Lemma 6 of [2], 
q 1 p - 1 so p splits completely in Q(6). Thus there are at least q - 1 distinct 
primes of 3 dividing& Let ‘$ ,..., ‘p,-r be primes of 3 dividingp such that 
‘&nQ(c,J = ‘$$nQ(r,)ifandonlyifi =j.Fori = l,...,q- l,thereisan 
isomorphism 7i , corresponding to 5& , of 3 into 3, such that ~~(6,) = pQ’-l, 
TV = cUi where ui = i (mod q) [9, Section 2.41. By [4, Satz 4, p. 661 we have 
(Gs, u, E,) @ 3!& - (K 6 5”‘). 
3 
By [l, Theorem 12, p. 751, (K, 6, l>ui N (K, 0, <“i). Let e/q” be the invariant 
of (K, 6, 5) so that eui/qC is the invariant of (K, (3, t;“i). Suppose ‘$ is any prime 
of 3, ‘$ 1 p. ‘$ determines an isomorphism of 3 into 3, sending Ed into 5’ for 
some integer j. Thus invrp u(G) = ej/qc. Since u(G) has exponent q”, it follows 
that (e, q) = 1. 
Let k = IQ(&), h w ere d is square-free. Since G is k-adequate, it follows 
from Lemma 13 that k C Q(E,,$ Thus d 1 m by Lemma 11. By Theorem 1, 
p must split in k sop { d. Suppose q = 3. Then, since k # Q(1/-3), we must 
have k = Q(&). But Q(&) qQ(c,,J since m is odd. Thus q > 3; and so 
there are at least three primes in the set (‘$3, ..., ‘p,-i}. Thus we may assume 
that’&nk=$3,nk,forsomel <i<j<q-1. 
By assumption, u(G) C D, D a Q(&)-division ring. By Lemma 1, 
Cent,(S) N D as 3. Cent,(s) contains u(G) and has center 3 so 
Cent&) g u(G) @ 3 A, where A is a a-division ring. Computing invariants 
at ‘$$ and !lJ we have 
invv,, (D @ 3) = invqj (D @ 3) (mod 1) by V-42) 
k k 
and so 
7 + invq!, A = F + invp,, A (mod 1). 
Thus 
invrp, A - invsp, A = ‘(“p” “) (mod 1). 
But uj 3 j (mod q), ui = i (mod q) so uj - ui = j - i (mod q). Thus 
q 1 e(uj - ui) and so q divides the local index of A at either vi or 5& . Thus 
q I[A : 31 contradicting (0.4). This shows that a noncyclic odd-order group 
can not be Q(&)-adequate, d square-free, unless d = -3. If 3 7 1 G 1, then 
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G could not be Q(dz)-adequate by Lemma 13. Thus such a G could not be 
k-adequate for any quadratic extension k of Q. This proves the theorem. 
In view of the construction given in [2, p. 3731 and the above theorem, 
we note that there are infinitely many noncyclic odd order subgroups of 
division rings which are not k-adequate for any quadratic extension of Q. 
We next consider briefly the k-adequacy of some groups of even order. 
THEOREM 6. Let k be a quadratic extension of Q. All k-adequate jinite 
groups are solvable if and only if k # Q@). 
Proof. By [2, Theorem 71 the only nonsolvable subgroup of a division 
ring is 3*. By [2, Lemma 141, v(3*) E %a @Jo Q(d), where 2Is is the 
quaternion algebra over Q. Thus v(3*) has invariants Q at the two infinite 
primes of Q(&) and invariants zero at all finite primes of Q(&). 3* is 
Q( 2/J)-adequate. Suppose 3 * is Q(z/d)-adequate, d square-free, d # 5. 
Then u(3*) C D, D a Q(@)-division ring. u(S*) C Cent,(Q(2/5, dd)) 
and so v(3*) @oc2/;, Q(d, d;i) = 2I is a Q(z/d)-adequate division ring. 
Since [Q(2/5, l/d) : Q(&)] = 2 and [9l : Q(2/5, &)]l12 = 2, this contra- 
dicts Theorem 1. 
It is easy to determine the quadratic fields k for which the quaternion 
group G of order 8 is k-adequate. We have v(G) g (us , the quaternion 
algebra over Q. Then G is k-adequate if and only if %s @o k is a division 
algebra. For k = Q(z/d), d q s uare-free, this occurs if and only if d > 0 or 
d < 0 and d = 1 (mod 8) since the invariants of 912 are 3 at co, 4 at 2, and 
zero elsewhere. 
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